The purpose of this paper is to point out that 'supremum' in two inequalities of Brooks [B1] and [B3] should be replaced with 'infimum'.
Introduction
The Laplace-Beltrami operator ∆ on a noncompact complete Riemannian manifold M is essentially self-adjoit on C ∞ 0 (M ) and its self-adjoit extension to L 2 (M ) has been studied by several authors from various points of view. Especially, the bottom min σ ess (−∆) of the essential spectrum of the Laplacian is simply characterized by the variational formula min σ ess (−∆) = lim
where K runs over an increasing set of compact subdomains of M such that ∪K = M . This bottom min σ ess (−∆) was studied by Donnely, Brooks, and Sunada and so on. Donnelly proved in [D] among others that min σ ess (−∆) ≤ (n − 1) 2 k/4 when the Ricci curvature of M is bounded from below by the constant −(n − 1)k, where n = dim M and k ≤ 0. Later, Brooks generalized this Donnelly's theorem when the volume of M is infinite: Theorem 1.1 (Brooks [B1] ). Let M be a complete Riemannian manifold and set µ = lim sup r→∞ log vol (B x0 (r)) r .
If the volume of M is infinite, then we have
When the volume of M is finite, Brooks [B3] also proved Theorem 1.2 (Brooks [B3] ). Let M be a complete Riemannian manifold and suppose that the volume of M is finite. Let us set
Then we have
The purpose of this paper is to improve this two Brooks' theorems. Theorem 1.1 is improved as follows, that is, 'lim sup' should be replaced with 'lim inf': Theorem 1.3. Let M be a complete Riemannian manifold and set
Theorem 1.2 is also improved as follows, that is, 'lim sup' should be replaced with 'lim inf': Theorem 1.4. Let M be a complete Riemannian manifold and suppose that the volume of M is finite. Let us set
2 Proof of theorems Theorem 1.3 and 1.4 will follow the following Theorem 2.1. Let M be a complete Riemannian manifold and K be a compact (possibly empty) set of M . We denote
We suppose that there exist an increasing sequence {K i } of compact subsets of M and positive constants α and d such that
Here, for
we have
Theorem 2.1 is proved quite the same way as in Brooks [B1, Theorem 2 ], and hence, we shall omit its proof.
Proof of Theorem 1.3. We shall set
Then, the assumption (1) implies that
We remark that if 2α > µ inf , then there exists an increasing sequence r i of positive numbers such that lim i→∞ r i = ∞ and
Indeed, if there is no such sequence (6), there exist positive real numbers ε and r 0 such that for all r ≥ r 0
Hence, we have
r for all r ≥ r 0 + 1.
But (7) contradicts our assumptions (5) and 2α > µ inf . From (6), we obtain
Thus, when we set K i = K ri in Theorem 2.1, the assumption (2) holds. Therefore, we now conclude from Theorem 2.1 that 2α > µ inf and (3) imply that (4). But it is impossible, since M − K has infinite volume. Hence there is no such α, and we have 2
inf /4. Taking the limit over arbitrary large K, we get min σ ess (−∆) ≤ µ 2 inf /4. We have thus proved Theorem 1.3.
Proof of Theorem 1.4. For simplicity, we shall set V (r) := vol(M )−vol (B x0 (r)), and take a compact subset K of M . Then, lim r→∞ V (r) = 0, since M has finite volume. We remark that if 2α > µ f,inf , then there exists a sequence of positive numbers
The inequality (9) comes from the fact that lim r→∞ V (r) = 0, and (10) implies
Therefore, for any integer k ≥ 1, we have
In the last line, we have used (11), (8), and (9) in turn. Letting k → ∞, we get
Now, when we set
since the volume of M is finite. Hence, if α > µ f,inf /2 satisfies 0 < α < λ 0 (M − K), Theorem 2.1 implies
But this contradicts (12). Therefore, there is no such α, and hence, we get µ 2 f,inf /4 ≥ λ 0 (M −K). Taking the limit over arbitrary large K, we get min σ ess (−∆) ≤ µ 2 f,inf /4. We have thus proved Theorem 1.4.
Example and remark
In this section, we shall consider the sharpness of our theorems. We will begin our discussion by considering a rotationally symmetric manifold (R n , g = dr 2 + f (r) 2 g S n−1 (1) ). Here, we take an increase sequence of positive numbers 0 < a 1 < a 2 < · · · → ∞ and define
where k = 0, 1, 2, · · · . We also assume that f is monotone on the intervals This example shows that Theorem 1.3 is indeed sharper than Theorem 1.1. We can also construct an example with similar nature which shows that Theorem 1.4 is indeed sharper than Theorem 1.2. On the other hand, Theorem 1.3 may fail to be sharp. Indeed, as is pointed out by Brooks [B1] , there exists a solvable group G with exponential growth. One such group is given in Milnor [M] . Then if N be any compact manifold with π 1 (N, x 0 ) = G and M is the Riemannian universal cover of N , a lemma of Milnor says that µ inf > 0, while a Brooks' theorem in [B2] (see also Sunada [S] ) implies that min σ ess (−∆) = 0, since G is amenable. The reason why this gap occurs is that the distance spheres need not to be the most efficient candidates for the isoperimetric inequalities of M . Now let us recall the following Følner-Brooks theorem:
Theorem 3.1 (Følner-Brooks [B2] ). Let N be an n-dimensional compact Riemannian manifold, and M its Riemannian universal cover of N . Then π 1 (N, x 0 ) is amenable if and only if, for every (possibly disconnected) fundamental set of M , and for every ε > 0, there exists a finite subset E of π 1 (N, x 0 ) such that H = g∈E g · F satisfies the isoperimetric inequality:
From the proof of Theorem 3.1 and a lemma of Milnor [M] , we see that for any r 0 ≥ diam (N ), there exist a sequence of finite subsets E i of π 1 (N, x 0 ) such that
Thus, in this case, we see that the distance spheres in Theorem 1.3 should be replaced with the finite union H i of distance spheres transformed by covering transformations E i . Our main concern above has been the bottom of the essential spectrum. But as for the essential spectrum itself, we note that there is a simple criterion: ∞ compact boundary ∂U such that the outward exponential map exp ⊥ ∂U : N + (∂U ) → M − U induces a diffeomorphism. We set r(x) = dist(x, U ) for x ∈ M − U . If ∆r → c as r → ∞ for a constant c ∈ R, then [c 2 /4, ∞) ⊂ σ ess (−∆). Moreover, when U is relatively compact, the equality holds: σ ess (−∆) = [c 2 /4, ∞).
